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In this note we construct Mabuchi LMω functional and Aubin–Yau functionals
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Our construction coincides with the original one in the Kähler case. This method
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their applications to geometry.
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1. Introduction
Let (X,ω) be a compact Kähler manifold of complex dimension n. It is known that the volume Vω
depends only on the Kähler class of ω, namely,
∫
X
(ω +
√−1∂∂ϕ)n =
∫
X
ωn =: Vω
for any real-valued smooth function ϕ with ωϕ := ω +
√−1∂∂ϕ > 0, because of the closedness of ω.
If (X, g) is a compact Hermitian manifold of complex dimension n, the same result does not hold in
general. In Section 2 below, we consider a function to describe such a phenomena, i.e., we deﬁne
Errω(ϕ) :=
∫
X
ωn −
∫
X
ωnϕ,
where ω is the associated real (1, 1)-form of g. If ∂∂(ωk) = 0 for k = 1, 2, we can show
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X
ωnϕ =
∫
X
ωn =: Vω
for any real-valued function ϕ ∈ C∞(X)R with ωϕ := ω +
√−1∂∂ϕ > 0. Actually, this result has implicitly
contained in [2,13]. We give here an alternative proof of this result.
In Kähler geometry, energy functionals, such as Mabuchi K-energy functional [9], Aubin–Yau energy func-
tionals [10,14], and Chen–Tian energy functionals [1], play an important role in studying Kähler–Einstein
metrics and constant scalar curvatures. When I was in Yau’s Seminar, I asked myself that it is possible to
deﬁne energy functionals on compact complex manifolds? This is one motivation to write down this note.
Another motivation comes from a question in S.-T. Yau’s survey [15], namely to ﬁnd necessary and suﬃcient
conditions for a complex manifold to admit a Kähler structure. When n = 2, it was settled by Siu [11] or see
also [8]: A compact complex surface is Kähler if and only if its ﬁrst Betti number is even. In the second part
of this note we construct Mabuchi LMω functional and Aubin–Yau functionals IAYω , J AYω on any compact
complex surface.
Let (X, g) be a compact Hermitian manifold of complex dimension 2 and ω be its associated real
(1, 1)-form. Let
Pω :=
{
ϕ ∈ C∞(X)R
∣∣ ωϕ := ω + √−1∂∂ϕ > 0}.
For any ϕ′, ϕ′′ ∈ Pω, we deﬁne
LMω
(
ϕ′, ϕ′′
)
:= 1
Vω
1∫
0
∫
X
ϕ˙tω
2
ϕt dt −
1
Vω
1∫
0
∫
X
√−1∂ω ∧ (ϕt∂ϕ˙t) dt + 1
Vω
1∫
0
∫
X
√−1∂ω ∧ (ϕt∂ϕ˙t) dt
where ϕt is any smooth path in Pω from ϕ′ to ϕ′′. Also we set
LMω (ϕ) := LMω (0, ϕ).
Theorem 1.1. The functional LMω (ϕ′, ϕ′′) is independent of the choice of the smooth path {ϕt}0t1 and
satisﬁes the 1-cocycle condition. In particular
LMω (ϕ) =
1
3Vω
∫
X
ϕ
(
ω2 + ω ∧ ωϕ + ω2ϕ
)
+ 12Vω
∫
X
ϕ(−√−1∂ω ∧ ∂ϕ + √−1∂ω ∧ ∂ϕ).
Moreover, for any ϕ ∈ Pω and any constant C ∈ R, we have
LMω (ϕ,ϕ + C) = C
(
1 − Errω(ϕ)
Vω
)
;
for any ϕ1, ϕ2 ∈ Pω and any constant C ∈ R, we have
LMω (ϕ1, ϕ2 + C) = LMω (ϕ1, ϕ2) + C
(
1 − Errω(ϕ)
Vω
)
.
In Section 4, we construct Aubin–Yau functionals on compact complex surfaces. Let (X, g) be a compact
Hermitian manifold of complex dimension 2 and ω be its associated real (1, 1)-form. Set
Aω(ϕ) := 12Vω
∫
−√−1∂ω ∧ ϕ∂ϕ.X
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Bω(ϕ) := 12Vω
∫
X
√−1 ∂ω ∧ ϕ∂ϕ.
Note that Aω(ϕ) is actually equal to Bω(ϕ) so that Aω(ϕ) is real-valued. Indeed, by Stokes’ theorem, we
obtain
Aω(ϕ) = −
√−1
2Vω
∫
X
ω ∧ ∂(ϕ∂¯ϕ)
= −
√−1
2Vω
∫
X
ω ∧ (∂ϕ ∧ ∂¯ϕ + ϕ∂∂¯ϕ)
=
√−1
2Vω
∫
X
ω ∧ (∂¯ϕ ∧ ∂ϕ + ϕ∂¯∂ϕ)
=
√−1
2Vω
∫
X
ω ∧ ∂¯(ϕ∂ϕ)
= Bω(ϕ).
We now deﬁne
IAYω (ϕ) :=
1
Vω
∫
X
ϕ
(
ω2 − ω2ϕ
)
+ 2Aω(ϕ) + 2Bω(ϕ)
= 1
Vω
∫
X
ϕ
(
ω2 − ω2ϕ
)
+ 4Aω(ϕ),
J AYω (ϕ) :=
1
Vω
1∫
0
∫
X
ϕ
(
ω2 − ω2sϕ
)
ds + Aω(ϕ) + Bω(ϕ)
= 1
Vω
1∫
0
∫
X
ϕ
(
ω2 − ω2sϕ
)
ds + 2Aω(ϕ).
Theorem 1.2. For any compact Hermitian manifold (X, g) of complex dimension 2, we have
1
3I
AY
ω (ϕ)  J AYω (ϕ) 
2
3I
AY
ω (ϕ)
for any ϕ ∈ Pω, where ω is its associated real (1, 1)-form.
We hope this exposition will give some ideas to study Yau’s problem. The author [5,6] have constructed
those functionals on higher dimensional compact complex manifolds. We [7] will later use those functionals
to study geometric problems.
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Let (X, g) be a compact Hermitian manifold of complex dimension n and write the associated real
(1, 1)-form as
ω =
√−1gij dzi ∧ dzj .
Let Pω be the space of all real-valued smooth functions ϕ ∈ C∞(X)R, so that ω +
√−1∂∂ϕ is positive
deﬁnite on X:
Pω :=
{
ϕ ∈ C∞(X)R
∣∣ ω + √−1∂∂ϕ > 0}.
Also we set
P0ω :=
{
ϕ ∈ Pω
∣∣ sup
X
ϕ = 0
}
.
2.1. Errω map on compact complex manifolds
To such a function ϕ ∈ Pω we associate the quantity
Vω(ϕ) :=
∫
X
ωnϕ (2.1)
the volume of X with respect to ϕ. In particular we set
Vω := Vω(0) =
∫
X
ωn. (2.2)
If (X,ω) is Kähler, we have Vω = Vω(ϕ) for any ϕ ∈ Pω. In the non-Kähler case, it is not in general true.
Hence it is reasonable to deﬁne
Errω(ϕ) := Vω − Vω(ϕ) =
∫
X
ωn −
∫
X
ωnϕ. (2.3)
A natural question is when does Errω(ϕ) vanish for any/a ϕ ∈ Pω? Clearly there exists a smooth real-valued
function ϕ0 ≡ 0 ∈ Pω such that
ωnϕ0 = ω
n, sup
X
ϕ0 = 0,
hence
Errω(ϕ0) =
∫
X
ωn −
∫
X
ωn = 0. (2.4)
This gives us some information about Errω(ϕ) and motivates us to consider
supErrω := sup
0
(
Errω(ϕ)
)
, inf Errω := inf
ϕ∈P0
(
Errω(ϕ)
)
. (2.5)ϕ∈Pω ω
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inf Errω  0  supErrω 
∫
X
ωn. (2.6)
It is interesting to ﬁnd some conditions to guarantee that the equalities hold. To study this behavior of Errω
we consider the following several natural conditions on ω:
• Condition 1.1:
√−1∂ω ∧ ∂ω and √−1∂∂ω are non-negative (2.7)
• Condition 1.2:
√−1∂ω ∧ ∂ω and √−1∂∂ω are non-positive (2.8)
• Condition 2:
∂∂
(
ωk
)
= 0, k = 1, 2. (2.9)
• Condition 3:
d
(
ωn−1
)
= 0. (2.10)
• Condition 4:
∂∂
(
ωn−1
)
= 0. (2.11)
Remark 2.1. Condition 2 has appeared in [4] as a suﬃcient condition to solving the complex Monge–Ampère
equation on Hermitian manifolds. The metric satisfying the third condition is called a balanced metric, which
naturally appears in string theory (V. Tosatti and B. Weinkove [12] solved the complex Monge–Ampère
equation on Hermitian manifolds with balanced metrics; later, they [13] dropped oﬀ the balanced condition).
When n = 2, this condition is indeed the Kähler condition. A metric satisfying Condition 4 is called a
Gauduchon metric, and a theorem of Gauduchon [3] shows that there exists a Gauduchon metric on every
compact Hermitian manifold. Notice that Condition 3 implies Condition 4, and Condition 2 is equivalent to
∂∂ω = 0 = ∂ω ∧ ∂ω. In particular, Condition 2 implies Condition 1.1 and Condition 1.2. In our case n = 2,
Condition 2 is equivalent to Condition 4.
Theorem 2.2. (i) If ω satisﬁes Condition 1.1, then
inf Errω = 0. (2.12)
(ii) Correspondingly, if ω satisﬁes Condition 1.2, then
supErrω = 0. (2.13)
(iii) In particular supErrω = inf Errω = 0 provided that ω satisﬁes Condition 2.
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Errω(ϕ)  0 for each function ϕ ∈ P0ω. By deﬁnition we have
Errω(ϕ) = −
∫
X
ωnϕ +
∫
X
ωn =
∫
X
−√−1∂∂ϕ ∧
∑
0in−1
ωiϕ ∧ ωn−1−i
=
∑
0in−1
∫
X
ωiϕ ∧ ωn−1−i ∧ (−
√−1∂∂ϕ)
=
∑
0in−1
∫
X
√−1∂(ωiϕ ∧ ωn−1−i) ∧ ∂ϕ
=
∑
0in−1
∫
X
[
iω + (n − 1 − i)ωϕ
] ∧ ωi−1ϕ ∧ ∂ω ∧ ωn−2−i ∧ √−1∂ϕ
=
∑
0in−1
∫
X
[
iω + (n − 1 − i)ωϕ
] ∧ ωi−1ϕ ∧ ωn−2−i ∧ ∂ω ∧ √−1∂ϕ
=
∑
0in−1
∫
X
√−1[ϕ(iωi−1ϕ ∧ ωn−1−i + (n − 1 − i)ωiϕ ∧ ωn−2−i) ∧ ∂∂ω
+ ϕ∂
(
iωi−1ϕ ∧ ωn−1−i + (n − 1 − i)ωiϕ ∧ ωn−2−i
) ∧ ∂ω]
=
∑
0in−1
(Ii + IIi),
where
Ii =
∫
X
ϕ
[
iωi−1ϕ ∧ ωn−1−i + (n − 1 − i)ωiϕ ∧ ωn−2−i
] ∧ (−√−1∂∂ω),
IIi =
∫
X
ϕ
√−1 ∂[iωi−1ϕ ∧ ωn−1−i + (n − 1 − i)ωiϕ ∧ ωn−2−i] ∧ ∂ω.
Since
√−1∂∂ω  0 and ϕ  0 on X, the ﬁrst term Ii is non-negative. Applying the integration by parts to
IIi, we deduce
IIi =
∫
X
ϕ
[
i(i − 1)ωi−2ϕ ∧ ∂ω ∧ ωn−1−i + i(n − 1 − i)ωi−1ϕ ∧ ωn−2−i ∧ ∂ω
+ i(n − 1 − i)ωi−1ϕ ∧ ∂ω ∧ ωn−2−i + (n − 1 − i)(n − 2 − i)ωiϕ ∧ ωn−3−i ∧ ∂ω
] ∧ √−1∂ω
=
∫
X
ϕωi−2ϕ ∧ ωn−3−i ∧
[
i(i − 1)ω2 + 2i(n − 1 − i)ωϕ ∧ ω + (n − 1 − i)(n − 2 − i)ω2ϕ
]
∧ (−√−1∂ω ∧ ∂ω).
Since
√−1∂ω ∧ ∂ω is non-negative and ϕ is non-positive, it follows that IIi  0. Thus Errω(ϕ)  0 for each
ϕ ∈ P0ω and therefore inf Errω = 0.
(ii) If ω satisﬁes Condition 1.2, the above reasoning gives that Errω(ϕ)  0 for each ϕ ∈ P0ω, i.e.,
supErrω  0. Hence supErrω = 0.
(iii) It is an immediate consequence of (i) and (ii). 
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number Vω(ϕ) =
∫
X
ωnϕ does not depend on the choice of ϕ ∈ Pω and equals Vω =
∫
X
ωn.
2.2. Vanishing property of Errω map on compact complex surface
Let (X, g) be a Hermitian manifold of complex dimension n and let ωg be its associated real (1, 1)-form.
We say that g is a Gauduchon metric if ∂∂(ωn−1g ) = 0.
We recall a theorem of Gauduchon or see Remark 2.1.
Theorem 2.4. (See Gauduchon [3].) If X is a compact complex manifold of complex dimension n, then in
the conformal class of every Hermitian metric g there exists a Gauduchon metric gG, i.e., there is a positive
function ϕ ∈ C∞(X)R such that gG := ϕg is Gauduchon. If X is connected and n  2, then gG is unique
up to a positive constant.
Suppose now that (X, g0) be a compact complex surface with Hermitian metric g. By Theorem 2.4, we
have a Gauduchon metric g and its associated (1, 1)-form ω. Since ω is a Gauduchon metric, it follows that
∂∂ω = 0 and that
Errω(ϕ) =
∫
X
(ω − ωϕ)(ω + ωϕ) =
∫
X
(ω + ωϕ) ∧ −
√−1∂∂ϕ
=
∫
X
−√−1∂∂(ω + ωϕ) · ϕ =
∫
X
−2√−1∂∂ω · ϕ = 0.
Corollary 2.5. Let (X, g) be a compact complex surface with Hermitian metric g and let ωG be its associated
Gauduchon metric. Then
ErrωG(ϕ) = 0 (2.14)
for all ϕ ∈ PωG .
3. Mabuchi LMω functional on complex surfaces
In this section we construct the Mabuchi functional on a complex surface.
3.1. Mabuchi LMω functional on compact Kähler manifolds
Suppose that (X,ω) is a compact Kähler manifold of complex dimension n. For any pair (ϕ′, ϕ′′) ∈ Pω×Pω
we deﬁne
LMω : Pω × Pω −→ R
as follows:
LMω
(
ϕ′, ϕ′′
)
:= 1
Vω
1∫
0
∫
X
ϕ˙tω
n
ϕt dt (3.1)
where {ϕt : 0  t  1} is any smooth path in Pω such that ϕ0 = ϕ′ and ϕ1 = ϕ′′. For any ϕ ∈ Pω we set
LMω (ϕ) := LMω (0, ϕ). (3.2)
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LMω (ϕ).
In this section we extend Mabuchi LMω functional to any compact complex surface by adding two extra
terms on the right hand side of (3.1).
3.2. Mabuchi LMω functional on compact complex surfaces
Suppose now that (X, g) is a compact complex surface and ω be its associated real (1, 1)-form. Let
ϕ′, ϕ′′ ∈ Pω and {ϕt}0t1 be a smooth path in Pω from ϕ′ to ϕ′′.
Let
L0ω
(
ϕ′, ϕ′′
)
:= 1
Vω
1∫
0
∫
X
ϕ˙tω
2
ϕt dt. (3.3)
Set
ψ(s, t) := sϕt, 0  s  1, 0  t  1. (3.4)
Consider a 1-form on [0, 1] × [0, 1]
Ψ0 :=
(∫
X
∂ψ
∂s
ω2ψ
)
ds +
(∫
X
∂ψ
∂t
ω2ψ
)
dt. (3.5)
Taking diﬀerential on Ψ0, we have
dΨ0 = I0 dt ∧ ds,
where
I0 =
∫
X
∂
∂t
(
∂ψ
∂s
ω2ψ
)
−
∫
X
∂
∂s
(
∂ψ
∂t
ω2ψ
)
. (3.6)
Directly computation shows
I0 =
∫
X
[
∂2ψ
∂t∂s
ω2ψ + 2
∂ψ
∂s
ωψ ∧
√−1∂∂
(
∂ψ
∂t
)]∫
X
[
∂2ψ
∂s∂t
ω2ψ + 2
∂ψ
∂t
ωψ ∧
√−1∂∂
(
∂ψ
∂s
)]
=
∫
X
2∂ψ
∂s
ωψ ∧
√−1∂∂
(
∂ψ
∂t
)
−
∫
X
2∂ψ
∂t
ωψ ∧
√−1∂∂
(
∂ψ
∂s
)
.
In the following we deduce two slightly diﬀerent formulae of I0. The ﬁrst one is
I0 =
∫
X
2∂ψ
∂s
ωψ ∧
√−1∂∂
(
∂ψ
∂t
)
+
∫
X
2∂ψ
∂t
ωψ ∧
√−1∂∂
(
∂ψ
∂s
)
=
∫
X
−2√−1∂
(
∂ψ
∂s
ωψ
)
∧ ∂
(
∂ψ
∂t
)
+
∫
x
−2√−1 ∂
(
∂ψ
∂t
ωψ
)
∧ ∂
(
∂ψ
∂s
)
=
∫
−2√−1
[
∂
(
∂ψ
∂s
)
∧ ωψ + ∂ψ
∂s
∂ω
]
∧ ∂
(
∂ψ
∂t
)
X
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X
−2√−1
[
∂
(
∂ψ
∂t
)
∧ ωψ + ∂ψ
∂t
∂ω
]
∧ ∂
(
∂ψ
∂s
)
=
∫
X
−2√−1∂ψ
∂s
∂ω ∧ ∂
(
∂ψ
∂t
)
+
∫
X
−2√−1∂ψ
∂t
∂ω ∧ ∂
(
∂ψ
∂s
)
=
∫
X
2
√−1∂ψ
∂s
∂
(
∂ψ
∂t
)
∧ ∂ω +
∫
X
2
√−1∂ψ
∂t
∂
(
∂ψ
∂s
)
∧ ∂ω.
Similarly, we have
I0 =
∫
X
−2√−1∂ψ
∂s
∂
(
∂ψ
∂t
)
∧ ∂ω +
∫
X
−2√−1∂ψ
∂t
∂
(
∂ψ
∂s
)
∧ ∂ω.
Next, we deﬁne
L1ω
(
ϕ′, ϕ′′
)
= 1
Vω
1∫
0
∫
X
a2∂ω ∧ (ϕt∂ϕ˙t) dt, (3.7)
L2ω
(
ϕ′, ϕ′′
)
= 1
Vω
1∫
0
∫
X
b2∂ω ∧ (ϕt∂ϕ˙t) dt. (3.8)
Here we require a2 = b2, and a2, b2 are determined later. As before, consider
Ψ1 =
[ ∫
X
a2∂ω ∧
(
∂
(
∂ψ
∂s
)
ψ
)]
ds +
[ ∫
X
a2∂ω ∧
(
∂
(
∂ψ
∂t
)
ψ
)]
dt,
Ψ2 =
[ ∫
X
b2∂ω ∧
(
∂
(
∂ψ
∂s
)
ψ
)]
ds +
[ ∫
X
b2∂ω ∧
(
∂
(
∂ψ
∂t
)
ψ
)]
dt.
Therefore
dΨ1 = I1 dt ∧ ds,
where
I1 =
∫
X
a2
∂
∂t
[
∂ω ∧
(
∂
(
∂ψ
∂s
)
ψ
)]
−
∫
X
a2
∂
∂s
[
∂ω ∧
(
∂
(
∂ψ
∂t
)
ψ
)]
. (3.9)
Dividing I1 by a2 yields
I1
a2
=
∫
X
− ∂
∂t
[(
∂
(
∂ψ
∂s
)
ψ
)
∧ ∂ω
]
+
∫
X
∂
∂s
[(
∂
(
∂ψ
∂t
)
ψ
)
∧ ∂ω
]
=
∫
X
−
[
∂
(
∂2ψ
∂t∂s
)
ψ + ∂
(
∂ψ
∂s
)
∂ψ
∂t
]
∧ ∂ω +
∫
X
[
∂
(
∂2ψ
∂s∂t
)
ψ + ∂
(
∂ψ
∂t
)
∂ψ
∂s
]
∧ ∂ω
=
∫
−∂ψ
∂t
∂
(
∂ψ
∂s
)
∧ ∂ω +
∫
∂ψ
∂s
∂
(
∂ψ
∂t
)
∧ ∂ω.X X
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dΨ2 = I2 dt ∧ ds,
and
I2
b2
=
∫
X
−∂ψ
∂t
∂
(
∂ψ
∂s
)
∧ ∂ω +
∫
X
∂ψ
∂s
∂
(
∂ψ
∂t
)
∧ ∂ω.
Combining above formulas, we have
−I
1
a2
+ I
2
b2
= − I
0
√−1 . (3.10)
Setting a2 = −
√−1 and b2 =
√−1, we get
I0 + I1 + I2 = 0.
Thus
dΨ = 0, (3.11)
where
Ψ := Ψ0 + Ψ1 + Ψ2.
The following theorem is an immediate consequence of the above discussion.
Theorem 3.1. Let (X, g) be a compact complex surface and ω be its associated real (1, 1)-form. The functional
LMω
(
ϕ′, ϕ′′
)
:= 1
Vω
1∫
0
∫
X
ϕ˙tω
2
ϕt dt −
1
Vω
1∫
0
∫
X
√−1∂ω ∧ (ϕt∂ϕ˙t) dt
+ 1
Vω
1∫
0
∫
X
√−1 ∂ω ∧ (ϕt∂ϕ˙t) dt (3.12)
is independent of the choice of the smooth path {ϕt}0t1. In particular,
LMω (ϕ) := Lω(0, ϕ)
= 13Vω
∫
X
ϕ
(
ω2 + ω ∧ ωϕ + ω2ϕ
)
+ 12Vω
∫
X
ϕ[−√−1∂ω ∧ ∂ϕ + √−1 ∂ω ∧ ∂ϕ]. (3.13)
Proof. Applying Stokes’ theorem to the region Δ = {(s, t) ∈ R2: 0  s, t  1} and using Eq. (3.9), we
have
0 =
∫
dΨ =
∫
Ψ =
∫ (
Ψ0 + Ψ1 + Ψ2
)Δ ∂Δ ∂Δ
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1∫
0
ϕ˙tω
2
ϕt dt −
1∫
0
∫
X
∂ψ
∂s
ω2ψ ds
∣∣∣t=1
t=0
+
1∫
0
∫
X
−√−1∂ω ∧ (ϕt∂ϕ˙t) dt
−
1∫
0
∫
X
−√−1∂ω ∧
(
∂
(
∂ψ
∂s
)
ψ
)
ds
∣∣∣t=1
t=0
+
1∫
0
∫
X
√−1 ∂ω ∧ (ϕt∂ϕ˙t) dt −
1∫
0
∫
X
√−1 ∂ω ∧
(
∂
(
∂ψ
∂s
)
ψ
)
ds
∣∣∣t=1
t=0
.
Equivalently,
LMω
(
ϕ′, ϕ′′
)
=
1∫
0
∫
X
∂ψ
∂s
ω2ψ ds
∣∣∣t=1
t=0
+
1∫
0
∫
X
−√−1∂ω ∧
(
∂
(
∂ψ
∂s
)
ψ
)
ds
∣∣∣t=1
t=0
+
1∫
0
∫
X
√−1 ∂ω ∧
(
∂
(
∂ψ
∂s
)
ψ
)
ds
∣∣∣t=1
t=0
.
It turns out that LMω (ϕ′, ϕ′′) is well-deﬁned. For the second argument, we can choose the smooth path
ϕt = t · ϕ, 0  t  1. 
Remark 3.2. When (X, g) is a compact Kähler surface, the functional (3.12) or (3.13) coincides with the
original one.
Suppose that S is a non-empty set and A is an additive group. A mapping N : S × S → A is said to
satisfy the 1-cocycle condition if
(i) N (σ1, σ2) + N (σ2, σ1) = 0;
(ii) N (σ1, σ2) + N (σ2, σ3) + N (σ3, σ1) = 0.
Corollary 3.3. The functional LMω satisﬁes the 1-cocycle condition.
Corollary 3.4. For any ϕ ∈ Pω and any constant C ∈ R, we have
LMω (ϕ,ϕ + C) = C
(
1 − Errω(ϕ)
Vω
)
. (3.14)
In particular, if ∂∂ω = 0, then LMω (ϕ,ϕ + C) = C.
Proof. We choose the smooth path ϕt = ϕ + tC, t ∈ [0, 1]. So
LMω (ϕ,ϕ + C) =
1
Vω
1∫
0
∫
X
Cω2ϕ+Ct dt
= 1
Vω
1∫
0
∫
X
Cω2ϕ dt
= 1
Vω
∫
Cω2ϕX
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Vω
Vω(ϕ)
= C
(
1 − Errω(ϕ)
Vω
)
.
If furthermore ∂∂ω = 0, then Errω(ϕ) = 0 for any ϕ ∈ Pω. 
Corollary 3.5. For any ϕ1, ϕ2 ∈ Pω and any constant C ∈ R, we have
LMω (ϕ1, ϕ2 + C) = LMω (ϕ1, ϕ2) + C
(
1 − Errω(ϕ2)
Vω
)
. (3.15)
Proof. From Corollary 3.3, one has
LMω (ϕ1, ϕ2 + C) + LMω (ϕ2, ϕ1) = LMω (ϕ2, ϕ2 + C).
Then the conclusion follows from Corollary 3.4. 
4. Aubin–Yau functionals on compact complex surfaces
In this section we extend Aubin–Yau functionals to compact complex surfaces, including Kähler surfaces,
and deduce a number of basic properties of these functionals.
4.1. Aubin–Yau functionals on compact Kähler manifolds
Suppose that (X,ω) is a compact Kähler manifold of dimension n. For (ϕ′, ϕ′′) ∈ Pω × Pω, Aubin–Yau
functionals are deﬁned by
IAYω
(
ϕ′, ϕ′′
)
:= 1
Vω
∫
X
(
ϕ′′ − ϕ′)(ωnϕ′ − ωnϕ′′), (4.1)
J AYω
(
ϕ′, ϕ′′
)
:= −LMω
(
ϕ′, ϕ′′
)
+ 1
Vω
∫
X
(
ϕ′′ − ϕ′)ωnϕ′ . (4.2)
By deﬁnition, we have
J AYω
(
ϕ′, ϕ′′
)
+ J AYω
(
ϕ′′, ϕ′
)
= IAYω
(
ϕ′, ϕ′′
)
= IAYω
(
ϕ′′, ϕ′
)
. (4.3)
For any ϕ ∈ Pω we set
IAYω (ϕ) :=
1
Vω
∫
X
ϕ
(
ωn − ωnϕ
)
, (4.4)
J AYω (ϕ) :=
1∫
0
Iω(sϕ)
s
ds = 1
Vω
1∫
0
∫
X
ϕ
(
ωn − ωnsϕ
)
ds. (4.5)
It is clear that
IAYω (ϕ) = IAYω (0, ϕ), J AYω (ϕ) = J AYω (0, ϕ). (4.6)
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J AYω (ϕ) =
1
Vω
1∫
0
ds
∫
X
ϕ
(−√−1∂∂(sϕ)) ∧
n−1∑
i=1
ωn−1−i ∧ ωisϕ
= −
√−1
Vω
1∫
0
s ds
∫
X
ϕ · ∂∂ϕ ∧
∑
0in−1
ωn−1−i ∧ [ω + s(ωϕ − ω)]i
= −
√−1
Vω
1∫
0
s ds
∫
X
ϕ∂∂ϕ
∑
0in−1
ωn−1−i ∧
∑
0ji
(
i
j
)
(1 − s)i−jsjωi−j ∧ ωjϕ
= −
√−1
Vω
∫
X
ϕ∂∂ϕ ∧
∑
0jn−1
∑
jin−1
(
i
j
)
ωn−1−j ∧ ωjϕ
1∫
0
(1 − s)i−js1+j
= −
√−1
Vω
∫
X
ϕ∂∂ϕ ∧
∑
0jn−1
ωn−1−j ∧ ωjϕ
∑
jjn−1
(
i
j
)
(i − j)!(j + 1)!
(i + 2)!
= −
√−1
Vω
∫
X
ϕ∂∂ϕ ∧
n−1∑
j=0
ωn−1−j ∧ ωjϕ
n−1∑
i=j
j + 1
(i + 2)(i + 1)
= −
√−1
Vω
∫
X
ϕ∂∂ϕ ∧
∑
0jn−1
n − j
n + 1ω
n−1−j ∧ ωjϕ,
since
∑
jin−1
1
(i + 2)(i + 1) =
∑
jin−1
(
1
i + 1 −
1
i + 2
)
= 1
j + 1 −
1
n + 1 .
On the other hand,
n
n + 1I
AY
ω (ϕ) =
−√−1
Vω
∫
X
ϕ∂∂ϕ ∧
∑
0in−1
n
n + 1ω
n−1−i ∧ ωiϕ.
Hence
n
n + 1I
AY
ω (ϕ) − J AYω (ϕ) =
1
Vω
∫
X
ϕ(−√−1∂∂ϕ) ∧
∑
1jn−1
j
n + 1ω
n−1−j ∧ ωjϕ. (4.7)
Moreover,
(n + 1)J AYω (ϕ) − IAYω (ϕ) =
1
Vω
∫
X
ϕ − √−1∂∂ϕ ∧
∑
0jn−1
(n − 1 − j)ωn−1−j ∧ ωjϕ. (4.8)
Remark 4.1. Notice that formulae (4.7) and (4.8) are also valid when ω is non-Kähler.
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Let (X, g) be a compact complex manifold of complex dimension n and ω be its associated real (1, 1)-form.
From Remark 4.1, we can formally use the notion IAYω , J AYω , and LMω , but now ω may not be Kähler.
Precisely, for any ϕ ∈ Pω we set
IAYω|•(ϕ) =
1
Vω
∫
X
ϕ
(
ωn − ωnϕ
)
, (4.9)
J AYω|• (ϕ) =
1∫
0
IAYω|•(sϕ)
s
ds = 1
Vω
1∫
0
∫
X
ϕ
(
ωn − ωnsϕ
)
ds. (4.10)
Hence
n
n + 1I
AY
ω|•(ϕ) − J AYω|• (ϕ) =
1
Vω
∫
X
ϕ(−√−1∂∂ϕ) ∧
∑
1jn−1
j
n + 1ω
n−1−j ∧ ωjϕ. (4.11)
Moreover,
(n + 1)J AYω|• (ϕ) − IAYω|•(ϕ) =
1
Vω
∫
X
ϕ − √−1∂∂ϕ ∧
∑
0jn−1
(n − 1 − j)ωn−1−j ∧ ωjϕ. (4.12)
Restricting to compact complex surfaces and introducing two extra functionals on Pω
Aω(ϕ) := 12Vω
∫
X
ϕ − √−1∂ω ∧ ∂ϕ, (4.13)
Bω(ϕ) := 12Vω
∫
X
ϕ
√−1 ∂ω ∧ ∂ϕ, (4.14)
(clearly Aω(ϕ) = Bω(ϕ)), we deﬁne Aubin–Yau functionals as follows (here constants a, b, c, d are determined
later, and actually a = b = c = d = 2)
IAYω (ϕ) := IAYω|•(ϕ) + aAω(ϕ) + bBω(ϕ), (4.15)
J AYω (ϕ) := −LMω (ϕ) +
1
Vω
∫
X
ϕω2 + cAω(ϕ) + dBω(ϕ). (4.16)
Since
J AYω|• (ϕ) =
1
Vω
∫
X
ϕ(−√−1∂∂ϕ) ∧
∑
0j1
2 − j
3
(
ω1−j ∧ ωjϕ
)
= 1
Vω
∫
X
ϕ(ω − ωϕ) ∧
(
2
3ω +
1
3ωϕ
)
= 1
Vω
∫
X
ϕ
(
2
3ω
2 − 13ω ∧ ωϕ −
1
3ω
2
ϕ
)
,
it follows that
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and that
2
3
(IAYω (ϕ) − aAω(ϕ) − bBω(ϕ))− (J AYω (ϕ) − (c − 1)Aω(ϕ) − (d − 1)Bω(ϕ))
= 1
Vω
∫
X
ϕ(−√−1∂∂ϕ)
∑
1j1
j
3ω
1−j ∧ ωjϕ
= 1
Vω
∫
X
ϕ
1
3ωϕ ∧ (−
√−1∂∂ϕ)
= 1
Vω
∫
X
ϕ
1
3ωϕ ∧
√−1 ∂∂ϕ.
Thus the left hand side has two slightly diﬀerent expressions. If we adopt the ﬁrst one, we have
2
3
(IAYω (ϕ) − aAω(ϕ) − bBω(ϕ))− (J AYω (ϕ) − (c − 1)Aω(ϕ) − (d − 1)Bω(ϕ))
= 13Vω
∫
X
√−1∂(ϕωϕ) ∧ ∂ϕ
= 13Vω
∫
X
√−1(∂ϕ ∧ ωϕ + ϕ∂ω) ∧ ∂ϕ
= 13Vω
∫
X
√−1∂ϕ ∧ ∂ϕ ∧ ωϕ − 23Aω(ϕ).
On the other hand, using the second expression gives
2
3
(IAYω (ϕ) − aAω(ϕ) − bBω(ϕ))− (J AYω (ϕ) − (c − 1)Aω(ϕ) − (d − 1)Bω(ϕ))
= 13Vω
∫
X
−√−1 ∂(ϕωϕ) ∧ ∂ϕ
= 13Vω
∫
X
−√−1(∂ϕ ∧ ωϕ + ϕ∂ω) ∧ ∂ϕ
= 13Vω
∫
X
√−1∂ϕ ∧ ∂ϕ ∧ ωϕ − 23Bω(ϕ).
Therefore
2
3
(IAYω (ϕ) − aAω(ϕ) − bBω(ϕ))− (J AYω (ϕ) − (c − 1)Aω(ϕ) − (d − 1)Bω(ϕ))
= 13Vω
∫
X
√−1∂ϕ ∧ ∂ϕ ∧ ωϕ − Aω(ϕ) + Bω(ϕ)3 ,
or, equivalently,
2
3I
AY
ω (ϕ) − J AYω (ϕ) =
1
3Vω
∫ √−1∂ϕ ∧ ∂ϕ ∧ ωϕ (4.18)
X
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2
3a − (c − 1) −
1
3 = 0 =
2
3b − (d − 1) −
1
3 . (4.19)
Theorem 4.2. For any ϕ ∈ Pω, one has
2
3I
AY
ω (ϕ) − J AYω (ϕ)  0. (4.20)
Using (4.12) yields
3
(
J AYω (ϕ) −
1
2Aω(ϕ) −
1
2Bω(ϕ)
)
− (IAYω (ϕ) − Aω(ϕ) − Bω(ϕ))
= 1
Vω
∫
X
ϕ(−√−1∂∂ϕ) ∧
∑
0j1
(1 − j)ω1−j ∧ ωjϕ
= 1
Vω
∫
X
ϕ(−√−1∂∂ϕ) ∧ ω
= 1
Vω
∫
X
(ϕω) ∧ (−√−1∂∂ϕ)
= 1
Vω
∫
X
(ϕω) ∧ √−1 ∂∂ϕ.
As the proof of Theorem 4.2, we have
3
(J AYω (ϕ) − (c − 1)Aω(ϕ) − (d − 1)Bω(ϕ))− (IAYω (ϕ) − aAω(ϕ) − bBω(ϕ))
= 1
Vω
∫
X
√−1∂(ϕω) ∧ ∂ϕ = 1
Vω
∫
X
√−1(∂ϕ ∧ ω + ϕ∂ω) ∧ ∂ϕ
= 1
Vω
∫
X
√−1∂ϕ ∧ ∂ϕ ∧ ω − 2Aω(ϕ)
and
3
(J AYω (ϕ) − (c − 1)Aω(ϕ) − (d − 1)Bω(ϕ))− (IAYω (ϕ) − aAω(ϕ) − bBω(ϕ))
= 1
Vω
∫
X
−√−1 ∂(ϕω) ∧ ∂ϕ = 1
Vω
∫
X
−√−1(∂ϕ ∧ ω + ϕ∂ω) ∧ ∂ϕ
= 1
Vω
∫
X
√−1∂ϕ ∧ ∂ϕ ∧ ω − 2Bω(ϕ).
Hence
3
(J AYω (ϕ) − (c − 1)Aω(ϕ) − (d − 1)Bω(ϕ))− (IAYω (ϕ) − aAω(ϕ) − bBω(ϕ))
= 1
Vω
∫ √−1∂ϕ ∧ ∂ϕ ∧ ω − (Aω(ϕ) + Bω(ϕ)).
X
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3J AYω (ϕ) − IAYω (ϕ) =
1
Vω
∫
X
√−1∂ϕ ∧ ∂ϕ ∧ ω, (4.21)
where we also require
3(c − 1) − a − 1 = 0 = 3(d − 1) − b − 1. (4.22)
Theorem 4.3. For any ϕ ∈ Pω, one has
3J AYω (ϕ) − IAYω (ϕ)  0. (4.23)
Combining (4.19) and (4.22) we obtain the value of those constants:
a = b = c = d = 2.
Corollary 4.4. For any compact complex surface (X, g) and any real-valued smooth function ϕ ∈ Pω, we
have
1
3I
AY
ω (ϕ)  J AYω (ϕ) 
2
3I
AY
ω (ϕ),
3
2J
AY
ω (ϕ)  Iω(ϕ)  3J AYω (ϕ),
1
2J
AY
ω (ϕ) 
1
3I
AY
ω (ϕ)  IAYω (ϕ) − J AYω (ϕ) 
2
3I
AY
ω (ϕ)  2J AYω (ϕ),
where ω is its associated real (1, 1)-form.
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